Originally published in Physical Review A: Atomic, Molecular, and Optical Physics, 67(6). We study the expansion of an ultracold boson-fermion mixture released from an elongated magnetic trap, in the context of a recent experiment at LENS (G. Roati et al., Phys. Rev. Lett. 89, 150403 (2002)). We discuss in some details the role of the boson-fermion interaction on the evolution of the radial-to-axial aspect ratio of the condensate, and show that it depends crucially on the relative dynamics of the condensate and degenerate Fermi gas in the radial direction, which is characterized by the ratio between the trapping frequency for fermions and for bosons. Our numerical simulations are in reasonable agreement with the experiment.
I. INTRODUCTION
The experimental realization of ultracold bose-fermi mixtures of alkali atoms introduces a novel tool for the study of various quantum phenomena [1] [2] [3] [4] . The most appealing one is certainly the Bardeen-Cooper-Schrieffer (BCS) type superfluidity, since the presence of bosonfermion interaction in the mixture is expected to induce an effective attraction between fermions by exchanging density fluctuations of the bosonic background [5, 6] , analogously to that of superfluid 3 He and 4 He in lowtemperature physics [7, 8] . With this respect, the recently reported quantum degenerate mixtures of 40 K (fermion) and 87 Rb (boson) by the LENS group would be particularly interesting due to the large boson-fermion attraction, which has been directly manifested by the collapse of the degenerate fermions above a critical number of particles [4] , or alternatively, by the observation that the Bose-Einstein condensate (BEC) coexisting with the Fermi gas inverts its aspect ratio more rapidly than a pure condensate during the ballistic expansion [3] . In the latter case, the experimental result agrees qualitatively with the expectations of a tighter confinement for a BEC in a Fermi gas with mutual attraction [9, 10] , and is qualitatively fitted by the theoretical predictions for the free expansion of a pure BEC with trap frequencies 10% larger than the actual one. However, possible effects of the boson-fermion attraction during the early stages of the expansion are not considered in the fitting and certainly need a further investigation.
In this paper, we would like to study in details the effect of the boson-fermion attraction on the expansion of the condensate as well as of the Fermi gas after the release from the strongly elongated magnetic trap. We have taken into account both ground state effects and the effect of attraction between bosons and fermions during the early stages of the expansion. The latter one is found to play an important role on the evolution of the radialto-axial aspect ratio of the condensate. Our numerical simulations are in reasonable agreement with the experiment.
II. FORMULATION
We consider a dilute spin-polarized boson-fermion binary mixture at very low temperature trapped in a strongly elongated harmonic oscillator potential. In the semi-classical Thomas-Fermi approximation, the condensate and degenerate Fermi gas evolve according to the Stringari's hydrodynamic formulation [11] 
and Boltzmann-Vlasov kinetic equation [12, 13] ,
respectively. Here f (r, v f , t) is the single particle phase space distribution function for fermions; n b (r, t), n f (r, t) = d 3 v f f (r, v f , t) and v b (r, t), v f (r, t) are the densities and velocity fields for bosons and fermions, respectively. Here, for simplicity, we consider the case in which they are trapped by symmetric confining poten-
Note that in the realistic experimental situation the centers of mass of the condensate and Fermi gas are instead displaced due to the different gravitational sag for 40 K and 87 Rb [3] . The displacement is not sufficiently large to affect the geometrical overlap of the two degenerate species. However, in some degree it reduces the boson-fermion attraction. Of course, a quantitative analysis should take into account this displacement. We will comment on this point later.
The influence of the interatomic scattering processes between the two species on their dynamics has been taken into account in two parts: mean fields and collisions. In the above equations, the term g bf n f (r, t) and g bf n b (r, t) are included as the Hartree-Fock mean field effect of boson-fermion interaction [14] (note that the latter one is known as the Vlasov contribution in the literatures). The boson-boson and boson-fermion interaction strength for the pseudopotentials, g bb and g bf , are related to the s-wave scattering lengths a bb and a bf through g bb = 4π
2 a bb /m b , g bf = 2π 2 a bf /m bf , in which
is the reduced boson-fermion mass. On the other hand, the dissipation term −Γ coll or I coll accounts for collisions [15] . The relative importance of the mean field and dissipation terms in describing the dynamics of whole system depends upon the rate of collisions compared to the characteristic time scale of the single particle oscillation. When collisions are relatively rare, the mean-field interaction dominates and the system is in the collisionless regime. In the opposite, hydrodynamic regime, the degenerate Fermi gas is always in the local equilibrium with the condensate [16] . The dynamics is then most appropriately described by the hydrodynamic Euler equation of motion [17, 18] . Due to the lack of information on the collision rate in experiment, we shall mainly focus on the collisionless regime by neglecting the dissipation terms −Γ coll and I coll . The opposite hydrodynamic regime will be briefly discussed at the end of this paper.
In the absence of the boson-fermion interaction (g bf = 0) and dissipation terms, both the Eqs. (1) and (2) admit a simple scaling solution, i.e.,
for the condensate [18, 19] and
, V(r, t) ,
for the degenerate Fermi gas [12, 13, 20] . Here n 0 b and f 0 are the equilibrium distributions. The dependence on time t is entirely contained the six dimensionless scaling parameters, b i (t) and γ i (t), where i = x, y, and z. By substituting this solution into Eqs. (1) and (2), it is easily to show that, the scaling parameters obey the differential equations [19, 20] ,
Solutions of Eqs. (5) and (6), respectively, determine the time evolution of the pure condensate and Fermi gas. In particular, they can be used to study the expansion of the system after a sudden and total opening of the trap at t = 0. For an elongated cylindrical trap with anisotropic parameter λ = ω zb /ω ⊥b (= ω zf /ω ⊥f ) ≪ 1, one may find that [19, 20] 
and
where we have introduced a dimensionless time variable τ = ω ⊥b t and β = ω ⊥f /ω ⊥b .
In the presence of the boson-fermion interaction (g bf = 0), however, the simple scaling solution is no longer satisfied at every position r after the substitution. A useful approximation, in the first order of g bf , is to assume the scaling form of the solution as a priori, and fulfill it on average by integrating over the spatial coordinates. This strategy has been recently used by Guery-Odelin [12] to investigate the effect of the interaction on the collective oscillation of a classical gas in the collisionless regime and by Menotti et al. to study the expansion of an interacting Fermi gas [13] . In some sense, this approximation is equivalent to the sum-rule approach [13] that is extensively used in evaluating the low-energy collective modes of dilute quantum gases [11] . We have also recently applied this approximation to derive the coupled set of differential equations for b i (t) and γ i (t), and studied the monopole and quadrupole excitations of bosefermi mixtures after linearizing these equations around the equilibrium points [21] . Here we only present the brief derivation to make the paper self-contained.
As specified above, we substitute the scaling ansatz Eq. (3) into Stringari's hydrodynamic equations. By setting
The coupled differential equations for the scaling parameters b i (t) can be obtained by multiplying Eq. (9) by R i n 0 b (R i ) on both sides and integrating over the spatial coordinates. Making use of the equilibrium properties of the density distribution in the ground state,
after some straightforward algebra one finds,
where
is the average size of bosons along the i-axis. The last two terms in Eq. (11), linear in g bf , account for the effects of boson-fermion interaction.
Analogous procedure can also be applied to the fermionic part. We substitute the scaling ansatz Eq. (4) into Boltzmann-Vlasov kinetic equation to get
Using the equilibrium properties of the distribution function,
to replace the first term of Eq. (12) by a linear superposition of R i (∂f 0 /∂V i ) and (∂n
, and taking the moment of
, we finally obtain:
. The coupled set of differential equations (11) and (14) is a generalization of Eqs. (5) and (6) in the presence of the boson-fermion coupling. It determines the coupled dynamics of the condensate and degenerate Fermi gas in the collisionless regime as far as the assumption of the simple scaling solution is valid. We shall only interested in the evolution of b i (t) and γ i (t) with initial condition of b i (0) = 1, γ i (0) = 1,ḃ i (0) = 0, andγ i (0) = 0 (i =⊥ or z), in case of switching off the trap suddenly at t = 0, i.e., ω ib,f (t > 0) = 0. Our final aim is to calculate the aspect ratio of the condensate and the Fermi gas defined as λb ⊥ (t)/b z (t) and λγ ⊥ (t)/γ z (t), which are actually measured in experiment. According to Eqs. (11) and (14), the whole process of our numerical calculations in this paper consists of three stages. First, one has to find the equilibrium ground-state densities: n 0 b (ρ, z) and n 0 f (ρ, z) at very low temperature, which approximately satisfy the following coupled equations in the ThomasFermi approximation [14] ,
where µ b,f is the chemical potential. It is convenient to obtain the solutions of Eq. (15) by iterative insertion of one density distribution in the other equation and numerically searching for µ b and µ f yielding the desired number of particles. Then one traces the evolution of b i (t) and γ i (t) from t to t + ∆t by evaluating the integrations in Eqs. (11) and (14), which turns out to be the most timeconsuming step in the calculations. At the final stage, one computes the radial-to-axial aspect ratio.
III. RESULT AND DISCUSSION
In this work, we have performed numerical simulations with the parameters chosen to reproduce the experimental conditions [3] . The number of bosons and fermions in experiment (N b = 2×10 4 and N f = 10 4 ) are large enough to ensure the validity of the Thomas-Fermi approximation, i.e., N b a bb /a b ho,⊥ ≫ 1 and N f ≫ 1 [14, 22, 23] . We take the harmonic oscillator length a b ho,⊥ = /(m b ω ⊥b ) and ω ⊥b as units, and introduce the quantities α = m f /m b , β = ω ⊥f /ω ⊥b , and λ = ω zb /ω ⊥b = ω zf /ω ⊥f to parameterize the different mass of the two components and anisotropy of traps. The constraint αβ 2 = 1 is always satisfied since both bosons and fermions experience the same trapping potential. As in experiment, we have α = 0.463, β = 1.47, and λ = 0.0757. We have also taken a bb = +110a 0 and a bf = −330a 0 , where a 0 = 0.529 A is the Bohr radius [3] . The most recent measurement suggested a new s-wave scattering length a bf = −410a 0 for the mixture of 40 K and 87 Rb [4, 24] . However, the effective magnitude of a bf could be indeed lower, considering the possible effect of the gravitational sag [3] and exchange correlations beyond the mean-field approximation [25] . We will return to this point at the end of the paper.
Before presenting the numerical result, it is instructive to briefly analyze the influence of the boson-fermion interaction on the expansion for both species. In the collisionless regime, the effect of the dominated meanfield interaction is two-fold: (i) First of all, it influences the profile of the density distribution in the equilibrium ground state. In case of attractive interaction, as shown in Fig. 1 , both the density of the condensate and of the degenerate Fermi gas are remarkably enhanced within the central overlap region. The condensate profile narrows and the central density increases moderately. The effect on the Fermi gas is more pronounced: within the overlap region the fermionic density exhibits a high-density bump on top of the low-density background and the central density is increased by a factor of larger than two [10] . Without considering the mutual attraction during the expansion this enhancement of the density profile, which corresponds to a tighter confinement, will definitively lead to a faster expansion for both species if one turns off the trap potential suddenly. In this paper, we shall consider such kind of fasten-mechanics as a static effect of the boson-fermion interaction on the expansion.
(ii) On the other hand, the condensate and degenerate Fermi gas also interact with each other during the expansion (especially during the early stages). As a result, with the attractive boson-fermion interaction both species will feel a running confinement potential generated by the other species and therefore reduce their expansion rate. This slow-down mechanics is determined by the relative dynamics between the condensate and the degenerate Fermi gas. The smaller the relative expansion velocity is, the more attraction the two species experience. With this respect, it is referred to as a dynamical effect of the boson-fermion interaction on the expansion. Fig. 2 shows the radial-to-axial aspect ratio of the condensate and of the degenerate Fermi gas as a function of the dimensionless expansion time variable τ . Let us firstly concentrate on the condensate. The evolution of the aspect ratio with a bf = −330a 0 (the dashed line in Fig. 2a) agrees qualitatively with the experimental result (the solid circles). This agreement is remarkable, considering there is no adjustable parameter in the numerical calculations and the simplicity of our model.
In order to better understand the role of static and dynamical effect of the mean-field boson-fermion interaction on the expansion of the condensate in some details, we expand the density distribution of the Fermi gas around the center by using the fact that in experiment the Fermi gas distributes more widely than the condensate due to the Fermi statistics, and rewrite Eq. (11) into a more physically transparent form,
Mathematically, the dynamical and static effects are represented by the last two terms in Eq. (16), respectively. Moreover, recalling the free expansion of a pure condensate as shown in Eqs. (5) and (7), the quantity ω ib (1 + A) 1/2 can in fact be interpreted as an effective trapping frequency experienced by the condensate in ground state. The value of A can further be roughly extracted from the change of the bosonic density distribution due to the boson-fermion attraction. The estimated value of A ≈ 40% and the corresponding increase of the trapping frequency ∆ω/ω ≈ 20% [26] is two times larger than that used in the fitting in Ref. [3] as we mentioned earlier in the beginning of introduction. This discrepancy can be easily resolved if we consider the dynamical effect of the attraction on the expansion. Indeed, by inserting the scaling solution for elongated traps at first order in λ in Eq. (16), b ⊥ (τ ) = 1 + (1 + δ) 2 τ 2 (δ represents the net increase of the trapping frequency), γ ⊥ (τ ) ≈ 1 + β 2 τ 2 , b z (τ ) ≈ 1, and γ z (τ ) ≈ 1, one obtains
By substituting β = 1.47 and A ≈ 40% into the above equation, one finds δ = 12%, in good agreement with the value of 10% used in Ref. [3] . In other words, on the expansion of the 87 Rb condensate, the static effect of the mean-field attraction dominates over the dynamical one. If measured in units of increase of the trapping frequency, they contribute around+20% and −8%, respectively.
As explicitly shown in the third term in the left side of the Eq. (16), the dynamical effect of the mean-field attraction on the expansion of the condensate is closely related to the relative dynamics between the condensate and the degenerate Fermi gas, and specifically, related to the value of β = ω f /ω b . In Fig. 3 the evolution of the aspect ratio of the condensate and of the degenerate Fermi gas is plotted against the dimensionless expansion time. For both species, the aspect ratio decreases as one lowers the value of β, suggesting that the dynamical effect of the mean-field attraction becomes more and more important with decreasing β. Precisely at β = 1, where b ⊥ (τ ) = γ ⊥ (τ ), the static and dynamical effects for the condensate are compensated with each other. As a result, the aspect ratio is almost the same as that of a pure condensate. Note that although the above result for β 1 is not realistic for the mixture of 40 K and 87 Rb in the LENS experiment, it might be relevant to the system of 6 Li-7 Li and 40 K-41 K, in which β ≈ 1. The evolution of aspect ratio of the degenerate Fermi gas, on the other hand, is also determined by the competition between the static and dynamical effect of the mean-field attraction. As shown in Figs. 2b and 3b , contrary to the condensate, the dynamical effect for the Fermi gas always dominates and the aspect ratio is less than that of a pure Fermi gas.
We now turn to consider the dependence of the aspect ratio on the strength of boson-fermion interaction. In the first experiments at LENS [3] , only the absolute magnitude of a bf , and not its sign, was directly determined. It is therefore interesting to study the expansion also in case of repulsive interaction. In Fig. 2 the aspect ratio for a bf = +330a 0 (dotted line) is compared with the result for a bf = −330a 0 , showing that the behavior of the latter is closer to the experiment points. The fact that boson-fermion interaction is indeed negative has been subsequently confirmed by the observation of the mixture collapse [4] . In order to understand which is the general behavior in passing from negative to positive values of the interspecies scattering length, in Fig. 4 we show the aspect ratio of the condensate and of the degenerate Fermi gas as a function of g bf /g bb at a fixed expansion time. For the condensate, the aspect ratio has a parabolic shape with the minimum located at g bf /g bb = 0.5. The possible reason is that in the region of g bf /g bb < 0 and g bf /g bb > 1, the condensate is always tightly confined by either the attractive or strong repulsive boson-fermion interaction and then the aspect ratio is increased by the dominant static effect of mean-field interaction. In contrast, the aspect ratio of the Fermi gas increases monotonically with increasing the value of g bf /g bb up to g bf /g bb ≈ 2. It is interesting to note that in principle it is possible to tune g bf by using Feshbach resonances in experiment.
Up to now, we have restricted the discussion to the collisionless regime. In the opposite hydrodynamic regime, the collision terms dominate over the mean-field terms [16] . For the condensate, to ease the analysis we shall still neglect the term Γ coll in the right side of Eq. (1), by assuming that the dynamics of the condensate is less affected by the collisions with the Fermi gas since the condensate always keeps itself in the hydrodynamic regime. For the degenerate Fermi gas, we resort to the Euler equation of motion [17, 18] , which can be deduced from Boltzmann-Vlasov kinetic equation under the assumption of local equilibrium. The detailed expression of the coupled set of differential equations for b i (t) and γ i (t) in this regime can be found in Ref. [21] . The predictions of these equations are reported in Fig. 5 . The aspect ratio of the condensate is affected by the collisions only in a minor way, which might be understood from the assumption of the vanishing value of Γ coll . For the degenerate Fermi gas, in contrast, the aspect ratio changes remarkably from the collisionless regime to the hydrodynamic one. This is consistent with the result in Ref. [13] , where the same Euler equation of motion has been used to describe the expansion of a superfluid Fermi gas [27] . Note that the expansion of a strongly interacting degenerate Fermi gas has been recently demonstrated in Ref. [28] , and has been explained qualitatively by the theory of Menotti et al. [13] . However, a stringent test of distinguishing the system from the normal hydrodynamic phase to the superfluid phase is lacking in the experiment [29] .
IV. SUMMARY
In conclusion, we have studied the effect of the bosonfermion interaction on the expansion of a boson-fermion mixture, within a simple scaling ansatz. We have considered in some details the interplay of the so-called static and dynamic effect of the mean-field interaction on the expansion. The former is caused by the modified density profiles in the equilibrium ground state, while the latter refers to the interaction between the condensate and Fermi gas during the first stage of the expansion. These two effects are compensated with each other. Which one plays the most important role depends on the detailed parameters of the system.
For the mixture of 40 K and 87 Rb, the static effect is dominant for the expansion of the condensate and its aspect ratio is inverted more rapidly than that of a pure condensate. This feature has been observed in the experiment, and also well reproduced by our numerical simulations. For the degenerate Fermi gas, on the other hand, the dynamical effect becomes important. As a result, its aspect ratio is less than that of a pure Fermi gas. This prediction needs further experimental investigation.
At the end of this paper, several remarks are in order: (i) The above results are based on the assumption of the simple scaling solution. The justification of using such scaling ansatz on the problem of collective excitations has been discussed in Ref [21] by the authors. We have shown that this approximation is equivalent to the sum-rule approach. However, on the problem of the expansion, its validity deserves a further study (especially for the degenerate Fermi gas), though our numerical results for the condensate are in reasonable agreement with the experiment. (ii) In a recent preprint, the importance of the corrections due to exchange-correlation energy on the ground state of mixture 40 K and 87 Rb has been discussed [25] . Such corrections on the expansion can also be investigated by adding the exchange correlations in the local density approximation. (iii) For the mixture of 40 K and 87 Rb, the recent measurements give a more accurate value of the s-wave interspecies scattering length: a bf = −410a 0 [4, 24] . In Fig. 6 , we show the aspect ratio for such large negative scattering length without considering the effect of different gravitational sag for 40 K and 87 Rb. The result with inclusion of the exchangecorrelation term is also plotted by the dotted line. For the condensate the calculated aspect ratio is larger than the experimental result. This discrepancy is partly due to the possible effect of the gravitational sag [27] . (iv) Finally, a careful consideration of the role of collisions is needed.
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